









Physics Department, Faculty of Science
Saitama University, Urawa, Saitama 338, Japan
Abstract
The Ward-Takahashi identities in large N eld theories are expressed
in a simple form using master elds. Operators appearing in these ex-
pressions are found to be generators of symmetry transformations acting





The technique of large N limit is useful to study non-perturbative properties of
quantum eld theories. (For a review and references, see [1] for example.) When
dynamical variables are N N matrices, only planar Feynman diagrams contribute
to the large N limit [2]. Such matrix models in the large N limit were used to study
SU(N) gauge theories and two-dimensional quantum gravity. In studying the large
N eld theories the idea of master elds was introduced [3]. In the large N limit
path integrals are dominated by a single classical conguration called the master
eld, and all Green's functions are determined by it.
Recently, a mathematically precise formulation of master elds was given [4],
[5] using non-commutative variables [6], and was further developed [7]{[10]. Similar
formulations had previously been discussed in refs. [11], [12]. In this formulation
master elds are given in terms of all connected Green's functions. One needs to
solve the theories and obtain all Green's functions before constructing the master
elds. At present it is not known how to construct master elds explicitly except
for a few simple theories such as two-dimensional QCD and zero-dimensional matrix
models. It remains to be found a method to construct master elds in more general
theories.
On the other hand, one may use master elds to discuss formal properties of
the theories. The purpose of this paper is to discuss the Ward-Takahashi identities
corresponding to symmetry transformations in the large N eld theories. We nd
that the Ward-Takahashi identities can be expressed in a simple form using master
elds. We also nd that operators appearing in these expressions are generators of
the symmetry transformations acting on the master elds.
Let us rst recall the method of master elds in large N eld theories [4], [5], [11],
[12]. We follow the approach in ref. [12]. We shall consider general SU(N) invariant
eld theories in which elds 
I
take their values in N N hermitian matrices. The
index I represents a type of the elds as well as space-time coordinates x

, on which
the elds depend. The elds can be either bosonic (( 1)
jIj
= +1) or fermionic
(( 1)
jIj







where coupling constants in the action S[] are independent of N . We are interested
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) j0i : (2)
In the perturbation theory they are given by a sum of planar Feynman diagrams.
As discussed in ref. [12] it is convenient to introduce a non-commuting source j
I
for each eld 
I
and consider the generating functional
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a = 0; (4)
























Similarly, the generating functional of connected planar Green's functions is dened
by using non-commuting sources J
I
as

























In ref. [12] it was shown that these two generating functionals are related by
























































































where the states j
i and h


























respectively in the notation of refs. [4], [5]. We
note that these operators are not quantum operators but just represent N ! 1
limit of N N matrices.
We now turn to a discussion of the Ward-Takahashi identities. Suppose that
there are n conserved charges Q
a
(a = 1; 2;    ; n) corresponding to symmetry trans-



















are parameters of the transformations and have the same statistics as Q
a
.










where [A;Bg represents an anticommutator of A and B when both of A and B are
fermionic, and a commutator otherwise. We assume that the structure constant f
abc












































We will use this relation later. When the vacuum is invariant under the symmetry
transformations Q
a
j0i = 0, we obtain the Ward-Takahashi identities

































) j0i : (16)
These identities are satised for an arbitrary N .











































) j0i = 0: (17)
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the Ward-Takahashi identities (17) can be rewritten as
q^
a
Z[j] = 0: (21)
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i = 0: (24)















































































as the quantum charges Q
a






















which is the same algebra as that of the quantum charges (13). This can be proved

















































































































































































where k = 0 terms for the second and the third terms in the last equality are
dened to be zero. We have used the commutation relations (25). By rearranging
































































































































Substituting this result back in eq. (28) we obtain the commutation relation (26).
To summarize, we have shown that the Ward-Takahashi identities in large N





satisfy the commutation relations (25) and (26), and are generators of
the symmetry transformations realized on the space of master elds. We should
note that the existence of symmetry generators for master elds is not an obvious
fact. It is somewhat surprising that the same algebra can be realized on the space
of master elds as on the space of quantum operators because master eld operators
just representN !1 limit of NN matrices and have nothing to do with quantum
operators.
Our formula of the master charges (22) gives, as a special case, the spacetime




for master elds, which was given
in eq. (5.6) of ref. [5]. In this case the operator in eq. (20) commutes with Z(j), and
therefore coincides with the master charge in eq. (22).
In the case of SU(N) gauge theories the most fundamental symmetry is the BRST




for the BRST symmetry, which generates the BRST transformation of master
elds. The BRST transformation of master elds was previously discussed in ref.
[10] in another context.
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